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Abstract Knowledge of in situ stress state of rock mass is fundamental for
engineering, geological and geophysical applications. In situ stress state de-
termination requires in principle the evaluation of the three principal stresses
and the related principal direction, but it widely recognized in the literature
that the maximum horizontal stress is the most difficult component to accu-
rately estimate. In the context of borehole methods, this paper proposes a
step-by-step analytical procedure to estimate some bounds to the maximum
horizontal stress starting from a geomechanical description of the rock and
relying on information generally available in the engineering practice. The
procedure is divided in substeps, each one requiring more information about
the mechanical properties of the rock and on the geometrical properties of the
failed portion of rock: more information available implies a lower uncertainty
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on in situ stress estimate. Furthermore the procedure is analytical, i.e. just a
spreadsheed is needed for its implementation. Finally, just information easy
to determine and generally available in the context of reservoir engineering is
required. The aim of the work is thus to provide a rigourous but simple ana-
lytical tool that can be used in engineering practicte to estimate some bounds
to the maximum horizontal in situ stress state. The approach is finally vali-
dated by means of both numerical simulations performed with a sophisticated
numerical tool and experimental field data coming from the literature.
Keywords In situ stress · breakout failure · borehole
1 Introduction
Knowledge of in situ stress state is fundamental for the solution of many prob-
lems not only in the field of civil, mining and petroleum engineering, but also
for geological and geophysical applications. For instance, stress concentration
around underground openings is significantly affected by the in situ original
stress state, and its knowledge is mandatory for any deformation and instabil-
ity evaluation of tunells and shafts. When dealing with oil and gas applications
(e.g. borehole excavations, sand production management and stimulation in-
terventions), the knowledge of the stress state and its variation is required
before and during reservoir depletion, as well as to predict the distribution
and the propagation of cracks as a consequence of fracking jobs.
In situ stress state evaluation implies the determination of six independent
quantities, namely the six independent components of the Cauchy second or-
der tensor with respect to a given coordinate system. However, it is most
common in engineering practice to determine the three principal stresses and
to identify the related principal directions. The initial stress state of horizontal
and homogeneous soil layers, which are commonly originated by deposition,
is generally evaluated by assuming that the vertical and the horizontal direc-
tions are principal ones: the vertical stress is considered coincident with the
overburden, while the horizontal one is evaluated by means of the K0 concept
(Jaky, 1944, Schmidt, 1966). When the geometric configuration is more com-
plex, numerical simulations of the deposition process are usually performed by
increasing the unit weight of the material. When dealing with rock formations,
the problem of identifying the initial stress state is much more complicated,
being the result of many processes and mechanisms, involving tectonic, gravity
and residual stresses. At a smaller scale, the in situ state of stress is also locally
influenced by the presence of cavities and discontinuities. Uncertainties related
to the exact geological history, the constitutive laws and the detailed structure
of the rock mass imply that no numerical computations can be performed to
reliably simulate the whole geological history and thus to estimate the in situ
stress field (Zang and Stephansson, 2010). It is in fact widely accepted that
stresses in the rock can only be inferred by disturbing the rock and evaluating
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the induced mechanical consequences, that depend on the original stress itself.
According to Amadei and Stephansson (1970), classical crustal in-situ mea-
surement techniques require either a well bore (e.g. breakout analysis, hy-
drofrac) or core materials (e.g. overcoring, strain relief). Despite coring meth-
ods are widely used techniques in the engineering application of stress measure-
ment, they suffer of some limitations related to the maximum depth allowed
and to the small volume involved in the measurement. Borehole methods ap-
plicability is vice versa limited just by the maximum borehole depth. Zoback
et al (2003) evidenced the advantages and the reliability of borehole methods
to determine stress orientation and magnitude in deep wells, highlighting the
role of a sound geomechanical model of the subsurface and of wellbore imag-
ing devices, like ultrasonic televiewers and electrical imaging tools, to yield
detailed information about wellbore failure.
The classical strategy that is employed to characterize the stress field (see,
e.g. Zoback et al, 2003 and Zoback, 2007) is based on the following steps: i)
The vertical stress is determined from the equilibrium in the vertical direction,
i.e. by integration of density logs; ii) The orientation of the principal stresses
can be determined from wellbore observations, recent geologic observations
and earthquake focal mechanisms; iii) The minimum principal stress can be
estimated from the analysis of hydraulic fracturing and leak-off tests (see, e.g.
Zoback and Healy (1992) and Haimson et al (2009)); iv) Pore pressure can
be either measured directly or estimated with some caution from geophysical
logs or seismic data. Generally the vertical stress is assumed to be a principal
one, so that the remaining two directions are supposed to be horizontal. This
assumption is reliable for non-active regions or regions already relaxed from
previous tectonical stress. In fact, according to Bell (2003), the free surfaces
of sedimentary basins are generally horizontal, so that the principal stress di-
rections are in good approximation vertical and horizontal. Accordingly, it is
recognized by the relevant literature that the maximum horizontal principal
stress is the most difficult component to accurately estimate. Some bounds
to the maximum horizontal stress can be provided by the application of the
Anderson faulting theory together with Mohr-Coulomb failure. For any given
depth of a rock mass, some maximum values of the difference between the
maximum and the minimum principal stresses can be argued, relying on the
assumption that the stresses in the earth crust cannot exceed the frictional
strength of pre-existing faults. Of course, this argument is valid at a broad scale
and, locally, exceptions can exist. Furthermore, an estimate of fault friction
angle is needed. Applications are shown in Moos and Zoback (1990), Wiprut
and Zoback (2000) and Zoback et al (2003). Other boundaries to the maximum
horizontal principal stress are provided by compressive failure data recovered
on circular borehole walls as a consequence of excavation and pressurization by
means of drilling muds. Such bounds can be determined from limitations im-
posed by the shear resistance of the material. In fact, when a well or a borehole
is drilled, the stresses that were previously supported by the exhumed material
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are transferred to the region surrounding the well. The resultant stress con-
centration, well understood in terms of elastic theory, amplifies the difference
between the virgin (far-field) principal stresses. The so-called breakout failures
are related to a shear failure process that occurs when the maximum hoop
stress around the hole increases to such an extent that the shear resistance
of the rock is exceeded. In the case of vertical wellbore and vertical principal
stress, the azimuth of the breakout failures is coincident with the direction
of the minimum horizontal principal stress. The possibility of multiple deter-
mination of stress in an individual well, and the ability to check for regional
consistency among numerous wells, make breakout data valuable indicators of
in situ stress state. Breakout failures have been exploited to determine some
limiting values of the maximum horizontal principal stress in Leeman (1964),
Bell and Gough (1979), Zoback et al (1986). A relevant role in breakout failure
analysis is provided by the failure criterion used to describe rock behaviour:
Moos and Zoback (1990) provided solutions by considering a Galileo-Rankine
criterion for the compressive strength of the rock, characterized by a constant
value, while Vernik and Zoback (1992) provided estimates via the Weibols
and Cook (1968) strain energy failure criterion. Zoback et al (1985) exploited
the elastic Kirsch solution and Mohr-Coulomb failure criterion to highlight
the role of breakout shape and inelastic deformation around the borehole, as
later evidenced by Barton et al (1988), Aadnoy et al (2013) and Della Vecchia
et al (2014). Drilling induced tensile fractures are another failure mechanism
which could give significant information about the entity and the direction of
the horizontal maximum principal stress. These fractures form on the wall of
the borehole with an azimuth coincident with the direction of the maximum
horizontal stress, when a principal stress is locally tensile.
According to this picture, it is evident that the estimate of in situ rock
stress state for engineering purposes suffers, as any other geomechanical ap-
plication, of a relevant problem: due to the complex stress-strain behavior of
rocks, sophisticated theoretical and numerical tools are in principle needed to
obtain reliable predictions. The applicability of such models is however limi-
tated by the effort needed in their calibration and in their numerical implemen-
tation, which is generally unaffordable for common engineering applications.
In order to overcome this seeming insurmountable dichotomy between reliable
predictions and applicability for engineering purposes, this paper presents a
step-by-step analytical procedure to estimate the in situ maximum horizontal
stress exploiting borehole failure data. The procedure is divided in substeps,
each substep implying an increasing degree of detail about the knowledge of
the mechanical properties of the materials involved and on the geometrical
properties of the failed portions of rocks. Of course, the higher the quantity
of information available, the lower the uncertainty on the estimated stress. It
is worth underlying that the procedure is purely analytical: it is thought to
be implemented in a simple spreadsheet and no programming or dedicated
software are required. Moreover, all the parameters required are easy to deter-
mine: in the proposed version of the procedure the rock will be characterized
Step-by-step analytical procedure to estimate the in-situ stress state 5
in terms of uniaxial strength and friction angle, while the only information
needed from the field is the orientation of the faults (if any) and the size of the
breakout failure (if any). The procedure has been successfully validated basing
on both numerical analyses and case histories from the literature. Numerical
analysis has been performed by means of a Finite Element approach, capable
of simulating the mechanical behaviour of the rock surrounding the borehole
by means of a brittle damage constitutive model for geological media recently
proposed in De Bellis et al (2016, 2017). The model in fact proved able to
simulate the mechanical behaviour of both sedimentary and crystalline rocks,
both in the pre- and the post-peak stages, showing to be particularly suitable
for materials showing a brittle behavior. The approximation provided by the
simplified analytical solution to the results obtained by means of such a sophis-
ticated numerical tool is excellent, at least for breakout opening lower than
90◦. Appreciable agreement has been also obtained by applying the procedure
to in situ experimental data presented in the literature.
2 Steps involved in the procedure: methodology
The procedure to estimate the maximum horizontal stress detailed below in-
volves four substeps: Step 1 is based on Anderson faulting theory, and just a
broad estimate of the friction angle of the faults is required. Step 2 is based on
the application of the Kirsch elastic solution for the redistribution of stresses
around a borehole in plane strain conditions: depending on the azimuth and the
far-field stress state, the maximum and minimum principal stress on borehole
wall coincides with different stress components, i.e. radial, hoop or vertical.
Stress distribution around the hole according to the Kirsch solution, together
with simple visual information obtained along borehole depth about the ori-
entation of drilling-induced failure, allows a refinement of the bounds of the
far field stress obtained in Step 1. It is worth noting that Step 2 does not
require any information about strength properties of the material at the bore-
hole scale. Step 3 takes advantage on both the information about the presence
of tensile and breakout failures on borehole wall and the knowledge of rock
failure criterion, further reducing the bounds identified in Step 2. Finally, if
also the size of the borehole breakout is known, Step 4 will provide a unique
value of the maximum horizontal stress.
In the following, Sv represents the total principal vertical virgin stress,
SH the total maximum horizontal virgin stress and Sh the total minimum
horizontal virgin stress. According to the Introduction, Sv and Sh are assumed
to be known in term of both magnitude and direction. When dealing with the
mechanical behaviour of rocks, the stress to be used in the failure criteria
are effective stress, indicated as S′v, S
′
h and S
′
H for the vertical and the two
horizontal stress directions, respectively. The effective stress tensor, in general
indicated as σ′ij is evaluated according to Biot as
σ′ij = σij − αpwδij (1)
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where σij is the total Cauchy stress tensor, pw is the pore fluid pressure, α
the Biot coefficient and δij is the Kronecker delta. In the following, α = 1 is
assumed and the rock is always considered as saturated.
2.1 Step 1: limits on the stress state from the tectonic regime
The idea of using the Anderson (1951) faulting theory to estimate some broad
limits on the in situ stress state relies on the assumption that the phenomena
of brittle fracture studied at the laboratory scale appear to be reproduced
in nature by geological structures (Zang and Stephansson, 2010): faults thus
result from brittle failure, according to the Mohr-Coulomb failure criterion.
According to Anderson, tectonic stress near the Earth crust can be classified
into normal, strike-slip and reverse, depending on the relative combination of
the principal stresses (Table ??). At each depth, the Anderson faulting theory
Regime S1 S2 S3
Normal NF Sv SH Sh
Strike-slip SS SH Sv Sh
Reverse RF SH Sh Sv
Table 1 Principal stresses in the different tectonic regimes
defines some relations between the values of stresses, according to the strength
criterion of the material. Let us assume that the Mohr-Coulomb criterion holds
in the form
σ′1 = C +Nφσ
′
3 (2)
being σ′1 and σ
′
3 the maximum and minimum principal effective stress, respec-
tively, C the uniaxial compressive strength and Nφ a function of the friction
angle φ′, i.e. Nφ = (1 + sinφ′) / (1− sinφ′).
For any tectonic regime, a relation between some of the in situ principal
stresses can be identified, corresponding to the fulfilment of Equation 1:
– Normal fault (NF) S′v > S
′
H > S
′
h
σ′1
σ′3
=
S′v
S′h
=
C
S′h
+Nφ (3)
– Strike-slip fault (SS) S′H > S
′
v > S
′
h
σ′1
σ′3
=
S′H
S′h
=
C
S′h
+Nφ (4)
– Reverse fault (RF) S′H > S
′
h > S
′
v
σ′1
σ′3
=
S′H
S′v
=
C
S′v
+Nφ (5)
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For a given depth (and thus a given overburden stress) and pore pressure,
the equations above identify a region in the horizontal stresses plane: the in situ
stress state of the material, that cannot support a shear stress greater than the
one identified by the failure criterion, must lay inside or on the boundaries of
the region. Detailed information about this procedure can be found in Zoback
et al. [?] and Moos and Zoback [?].
This first step of the procedure needs just a broad estimate of the strength
parameters of the material involved: as it has been shown from laboratory
studies on a large variety of rock samples and from in situ experiments in
different fault regimes, the friction coefficient generally ranges from 0.6 to 1.0
(i.e. φ′ between 30◦ and 45◦). Being not known a priori if the major role in
terms of failure is provided by the faults or by the core material, in this case
just literature data of friction angle for the studied litotypes can be used. As
for the value of the uniaxial strength, it is worth evidencing that in petroleum
engineering applications the role of C in drawing stress polygons is generally
neglected.
In the following, each step of the procedure is applied to a well documented
case study from the literature, i.e. a 2-km-deep research borehole (Hole-B)
drilled in the context of the drilling project investigating the Chelungpu Fault
(Taiwan). Information about material properties and in situ stress state can be
found in different studies present in the literature (e.g. Wu et al., 2007, Hung
et al., 2007, Lin et al., 2009, Haimson et al., 2009); leak-off tests allowed the
determination of the variation of the minimum horizontal principal stress Sh
with depth, while from the interpretation of formation microscanner FMS
results breakout widths have been estimated for depths between 940 m and
1310 m. Figure ?? shows the stress state limits that can be identified for a
depth of 1000 m, where the rock mass is characterized by a a far-field minimum
horizontal principal stress equal to S′h = 10.8 MPa and a far-field vertical
effective stress S′v = 14.7 MPa: S
′
H is limited by a lower bound S
′
H = S
′
h = 10.8
MPa and by an upper bound S′H = 39.8 MPa, corresponding to a stress
anisotropy S′H/S
′
h = 3.7 deriving from the limit corresponding to the strike-
slip regime. Values of φ′ = 35◦ and saturated density ρsat = 2.5 g/cm3 have
been used, according to Haimson & Rudnicki (2009) and Wang (2011). Pore
pressure has been assumed to be hydrostatic.
2.2 Step 2: limits on the stress state from failure orientation
The estimate of the bounds on the value of the maximum horizontal stress
identified at Step 1 can be refined by means of a visual inspection of borehole
failure, performed, e.g., by ultrasonic televiewers. It is well known that, in the
case of isotropic linear elastic behaviour, the perturbation to the stress field
induced by a circular hole can be calculated with analytical solutions. In this
case, the axi-symmetric problem of a circular hole (having an internal radius a
and subjected to a uniform internal pressure pi) in a linear elastic infinite rock
mass is considered. The radial coordinate r, i.e. the distance from borehole
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Fig. 1 Admissible stress polygon and limits from tectonic regimes for the Chelungpu fault
site.
center, ranges between a and ∞. The angle θ, positive counterclockwise, is
defined as the angle between the radius considered and the direction of the
maximum horizontal stress (see figure ??). The net pressure pnet is defined as
the difference between pi and the pressure of the pore fluid, pw: pnet = pi−pw.
Under the assumption of plane strain, the solution for the perturbation of the
stress field due to the hole has been proposed by Kirsch (see, e.g. Jaeger [?]),
as a function of the maximum and the minimum horizontal effective far-field
stresses, S′H and S
′
h. In terms of effective radial, hoop and shear stress, the
Kirsch solution reads:
σ′r =
1
2
(S′H + S
′
h)
[
1−
(a
r
)2]
+ pnet
(a
r
)2
+
1
2
(S′H − S′h)
[
1− 4
(a
r
)2
+ 3
(a
r
)4]
cos 2θ,
σ′θ =
1
2
(S′H + S
′
h)
[
1 +
(a
r
)2]
− pnet
(a
r
)2
− 1
2
(S′H − S′h)
[
1 + 3
(a
r
)4]
cos 2θ,
τrθ = −1
2
(S′H − S′h)
[
1 + 2
(a
r
)2
− 3
(a
r
)4]
sin 2θ,
(6)
where σ′θ, σ
′
r and τrθ are the effective hoop, radial and shear stress, respectively.
Under the assumption of drilling operations performed in plane strain con-
ditions in the vertical direction, the principal stresses on borehole wall (r = a)
and θ = 0 can be expressed, according to the Kirsch solution, as
σ′r = pnet
σ′θ = 3S
′
h − S′H − pnet,
σ′z = S
′
v +∆σ
′
z = S
′
v + 2ν(S
′
h − S′H).
(7)
The increment∆σ′z due to borehole excavation has been evaluated by assuming
null vertical strain increment (∆εz = 0) during the drilling and mud pressur-
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Fig. 2 Radial coordinates for the circular hole
ization processes, coherently with the elastic solution introduced. The incre-
ments of radial and hoop stress in this case are calculated as ∆σ′r = pnet − S′h
and ∆σ′θ = σ
′
θ − S′H = 2′SH − S′h − pnet, so that ∆σ′z = 2ν(S′H − S′h) (being ν
the Poisson coefficient of the rock).
If the stress components are divided by the minimum effective far-field
horizontal stress S′h, the role of the far-field stress anisotropy S
′
H/S
′
h is high-
lighted:
σ′r
S′h
=
pnet
S′h
σ′θ
S′h
= 3− S
′
H
S′h
− pnet
S′h
σ′z
S′h
=
S′v
S′h
+ 2ν
(
1− S
′
H
S′h
)
.
(8)
Equation (??) represents three lines in the σ′/S′h vs. S
′
H/S
′
h plane, that
can be easily drawn when the relevant information about S′v, S
′
h and pnet are
known: for example, plotting the three lines allows the visualization of the
maximum, the intermediate and the minimum principal stresses on borehole
wall for θ = 0, i.e. when tensile failure is anticipated.
Figure ?? shows an example of the evolution of the stress state in θ = 0 as
a function of the horizontal anisotropy ratio for S′v = 14.7 MPa and pnet =
0 MPa. The maximum stress anisotropy considered in the example is the one
identified in Step 1, i.e. S′H/S
′
h ≤ 3.7 (see section ??). It is evident that for low
values of S′H/S
′
h, the minimum principal stress is the radial one, while for high
values of S′H/S
′
h the hoop stress becomes the minimum one. If a visual infor-
mation about tensile failure is provided, it is possible to determine what is the
direction of the minimum principal stress: vertical fractures are generally ob-
tained if the hoop stress is minimum, horizontal fractures if the vertical stress
is minimum, concentric fractures if the radial stress is minimum (see, e.g Zang
and Stefansonn, 2010). Once the minimum principal stress is identified, the
relevant zone according to Equation (??) can be identified, and thus a further
limitation in stress anisotropy is obtained. According to the example, in the
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Fig. 3 Relation between normalized principal components as a function of horizontal stress
anisotropy S′H/S
′
h ( S
′
v = 14.7 MPa, ν = 0.34, pnet = 0).
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Fig. 4 Identification of the regions where the different tensile failure orientations can po-
tentially take place.
presence of vertical fractures σ′θ has to be the minimum principal stress, and
so 3 ≤ S′H/S′h ≤ 3.7; if concentric fractures are detected, σ′r is the minimum
principal stress, so that 1 ≤ S′H/S′h ≤ 3. The limiting anisotropies separating
the different tensile failure orientation can be plotted in the stress polygon, as
shown in Figure ??, where the line S′H = 3 ·S′h divides vertical and concentric
fractures.
The same logical path can be applied on the borehole wall in θ = pi/2, when
shear failure is anticipated: also in this case the fault pattern is dependent on
which components are the maximum and the minimum ones. In this case the
principal effective stresses on borehole wall (r = a) reads:
σ′r = pnet
σ′θ = 3S
′
H − S′h − pnet
σ′z = S
′
v + 2ν(S
′
H − S′h),
(9)
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and in non dimensional form
σ′r
S′h
=
pnet
S′h
σ′θ
S′h
= 3
S′H
S′h
− 1− pnet
S′h
σ′z
S′h
=
S′v
S′h
+ 2ν
(
S′H
S′h
− 1
)
.
(10)
Figure ?? shows the evolution of the stress components in θ = pi/2 as a
function of the horizontal anisotropy ratio and it clearly illustrates that in
this specific case for all the admissible anisotropy ratios the radial effective
stress is always the minimum principal stress and the hoops stress is always
the maximum principal stress (σ′r < σ
′
z < σ
′
θ). In this specific case, such an
information cannot provide any further refinement of S′H bounds, because just
a type of breakout failure is predicted. If viceversa also the lines predicted by
(??) would cross themselves, then the same logic of Figure ?? can be followed:
depending on fault orientation in the breakout zone, the relevant region in
term of stress anisotropy could be identified.
2.3 Step 3: limits on the stress state from rock failure criterion
According to equation ??, under the assumption of plane strain conditions
during drilling operations, the complete effective state of stress can be written
on borehole wall (r = a), allowing to determine, once the strength parameters
of the materials are known, if failure conditions are met. According to the
literature, the evolution of the effective hoop stress on the borehole wall can
be considered as a proxy to determine which zones of the borehole can be
subjected to shear failure and which ones to tensile failures. Writing σ′θ as a
function of θ in r = a leads to the expression
σ′θ(a, θ) = (S
′
H + S
′
h)− pnet − 2(S′H − S′h) cos 2θ, (11)
that shows that the minimum value 3S′h − S′H − pnet is achieved for θ = 0 or
θ = pi, while the maximum one, 3S′H − S′h − pnet, for θ = pi/2, or θ = 3/2pi.
If the value of Sv, Sh, pnet and pw are known from previous determina-
tions, as well as the elastic parameters and the failure properties of the ma-
terial, certain boundaries for SH can be obtained basing on the occurrence of
compression or tensile failure on the borehole wall.
2.3.1 Maximum horizontal stress SH from breakout failure
If a breakout failure occurs, a first broad estimate of a lower boundary for
the maximum horizontal stress S
′min
H can be obtained assuming that failure
just started, involving a single point on the borehole wall rather than a wider
volume of rock. It is known that breakout failure will generally start at θ = pi/2,
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where σ′θ coincides with the local maximum principal stress. Expressing the
principal stresses as a function of the far-field virgin stresses, it follows that
for θ = pi/2, equation (??) holds.
Once expressed the values of the principal effective stresses σ′θ, σ
′
r and σ
′
z
as a function of the only unknown S′H , the problem to be solved reduces to
finding S′H such that
fC
(
σ′z(S
′
H), σ
′
r, σ
′
θ(S
′
H)
)
= fC(S
′
H) = 0, (12)
where fC(σ
′
ij) = 0 is a suitable shear failure criterion of the material. The
methodology is intended to work for any failure criterion, and analytical so-
lutions can be found for the Mohr-Coulomb, Hoek-Brown and Mogi-Coulomb
failure criteria, just to cite a few (Scelsi, 2017). For the sake of simplicity, in
the following part just the Mohr-Coulomb (MC) criterion will be considered,
being its parameters the easiest to determine.
The Mohr-Coulomb failure criterion in terms of maximum and minimum
principal stresses (σ′1 and σ
′
3 respectively) reads:
σ′1 = C +Nφσ
′
3. (13)
where C is the uniaxial compression strength and Nφ =
1 + sinφ′
1− sinφ′ , being φ
′ the
internal friction angle. For θ = pi/2, where breakout failure are anticipated, the
maximum principal stress is generally σ′θ, while the minimum principal stress
is not known a priori. From the analytical point of view, two cases should be
considered:
– If the minimum principal stress is σ′r, the value of S
′
H corresponding to
failure (for given S′v and S
′
h) is
S′H
MC
=
1
3
[S′h + (1 +Nφ)pnet + C] if σ
′
3 = σ
′
r, (14)
– If the minimum principal stress is σ′z, it follows that
S′H
MC
=
C +NφS
′
v + S
′
h(1− 2νNφ) + pnet
3− 2νNφ if σ
′
3 = σ
′
z. (15)
In the case that breakout failure occurs, S′H
MC
has to be considered as a lower
bound for S′H , i.e. in order to have failure, a value of S
′
H ≥ S′HMC is needed.
Viceversa, if breakout failure does not occur, then S′H
MC
has to be considered
an upper bound for S′H .
Figure ?? shows the line expressed by equation ?? taking C = 79.5 MPa
and φ′ = 35◦, representing a bound for the maximum horizontal stress S′H ,
thus identifying two possible domains for S′H according to the detection of
breakout failures. Due to the presence of shear failures in the considered bore-
hole section, it can be stated that S′H has to be greater than S
′
H > 30.1 MPa
(therefore S′H/S
′
h > 2.8) for the specified S
′
h value. Step 3 of the procedure,
accounting for breakout failure, is shown in Figure ??: the admissible stress
state has to fall between the limits deriving from Anderson faulting theory
(Step 1) and from the detection of breakout.
Step-by-step analytical procedure to estimate the in-situ stress state 13
0 20 40 60
S'h [MPa]
0
20
40
60
S'
H
 [M
Pa
]
Step 3 - Breakout failure
No breakout
Breakout
(a)
0 20 40 60
S'h [MPa]
0
20
40
60
S'
H
 [M
Pa
]
S'h
Step 3 - Breakout failure
(b)
Fig. 5 Stress polygon with the dashed red line identifying the lower bounds for S′H in order
to have breakout failures according to the Mohr-Coulomb failure criterion.
2.3.2 Maximum horizontal stress SH from tensile failure
If a tensile failure occurs, a first broad estimate of a lower boundary for the
maximum horizontal stress S
′
H can be obtained assuming that failure just
started, involving a single point on the borehole wall rather than a wider
volume of rock. It is known that drilling induced tensile failure will generally
start at θ = 0, where σ′θ coincides with the local minimum principal stress.
Expressing the principal stresses as a function of the far-field virgin stresses,
it follows that for θ = 0, equation (??) holds.
Once expressed the values of the principal effective stresses σ′θ, σ
′
r and σ
′
z
as a function of the only unknown S′H , the problem to be solved reduces to
finding S′H such that
fT
(
σ′z(S
′
H), σ
′
r, σ
′
θ(S
′
H)
)
= fT (S
′
H) = 0, (16)
where fT (σ
′
ij) = 0 is a suitable tensile failure criterion of the material. Also in
this case, the methodology is intended to work for any failure criterion. For the
sake of simplicity, in the following part just the Galileo-Rankine (G) criterion
will be considered, because it requires just one parameter to determine, i.e the
tensile strength ST .
The Galileo failure criterion depends only on the minimum principal stress
(σ′3), so that
σ′3 = ST . (17)
For θ = 0, where tensile failures are anticipated, the minimum principal
stress is σ′θ. The value of S
′
H corresponding to failure (for given S
′
h) is
S′H
G
= 3S′h − ST − pnet. (18)
In the case that tensile failure occurs, S′H
G
has to be considered as a lower
bound for S′H , i.e. in order to have failure, a value of S
′
H ≥ S′HG is needed.
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Fig. 6 Stress polygon with the blue dashed line identifying the lower bounds for S′H in
order to have tensile failures according to the Galileo strength criterion.
Viceversa, if tensile failure does not occur, then S′H
G
has to be considered an
upper bound for S′H .
Figure ?? shows the line expressed by equation ??, representing an upper
bound for the maximum horizontal stress S′H , since no tensile fractures have
been registered in the section taken as example. Two possible domains for
S′H are identified according to the detection of tensile failures. A value ST =
5.4 MPa, as reported by Haimson & Rudnicki (2009), has been considered.
Combining this information with that derived in ??, it can be stated that
S′H ranges between 30.1 MPa (Fig. ??) and 37.8 MPa (corresponding to 2.8 <
S′H/S
′
h < 3.5) for the specified S
′
h value.
2.4 Step 4: accounting for breakout size
In order to further reduce the uncertainties related to the determination of
S′H , an analytical solution was provided in Della Vecchia et al (2014), taking
into account also the information about the size of breakout failures. Step 4
thus not only need the knowledge of the parameters characterizing the rock
failure criterion, but also detailed outputs from dipmeters or borehole tele-
viewers during breakout logging in vertical boreholes. According to Barton et
al. (1998), an angle αb that subtends the breakout zone from the center of the
hole can be introduced, as well as the angle θb (θb = pi/2 − αb/2), positive
clockwise, between the direction of the maximum horizontal principal stress
and the radius passing from the extremity of the breakout zone. The proposal
of Della Vecchia et al (2014) is based on the assumption that the size of the
breakout measured in situ at the well scale coincides with the size of the yield-
ing zone that would originate in the same conditions in an elastic perfectly
plastic material. Accordingly, the principal effective stresses on borehole wall
for θ = θb can be expressed as
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σ′θ = S
′
H + S
′
h − pnet − 2(S′H − S′h) cos 2θb,
σ′z = S
′
v +∆σ
′
z,
σ′r = pnet.
(19)
The increment ∆σ′z due to borehole excavation has been calculated, also in this
case, assuming plane strain (∆εz = 0). Assuming that for θ = θb the material
is prone to yield, the vertical stress can be evaluated using both the elastic
solution, (??), and imposing that the stress satisfies the yielding condition
((??) if a Mohr-Coulomb yield surface is assumed). The solution obtained is a
function both of the size of the yield locus and of the particular yield function
chosen. As in the elastic case, the maximum compression hoop stress acts for
θ = pi/2. Being σ′θ the maximum stress, the minimum is not know a priori. If
σ′r is the minimum effective stress, then the maximum horizontal stress is
S′H =
C − S′h(1 + 2 cos 2θb) + (1 +Nφ)pnet
1− 2 cos 2θb , σ
′
3 = σ
′
r. (20)
If the minimum stress is σ′z, then:
S′H =
C +NφS
′
v + S
′
h [−1− 2 cos 2θb(1− νNφ)] + pnet
1 + 2 cos 2θb(νNφ − 1) , σ
′
3 = σ
′
z. (21)
If the breakout size is known, a unique value of the maximum horizontal
stress SH can be determined. In the example, σ
′
r is taken as the minimum
principal stress, assuming the principal components in θ = θb to have the same
relations as those in θ = pi/2. Equation ??, plotted in Figure ??, identifies a
single value of S′H for each minimum horizontal stress S
′
h: it is evident that
the stress states with a known breakout width are greater than the stresses
deriving only from breakout failure starting at θ = pi/2. For the S′h value at
1000 m depth, equal to 10.8 MPa, the maximum horizontal stress S′H takes the
value of 34.8 MPa (corresponding to S′H/S
′
h = 3.2); this value falls between
the limits obtained in Step 3.
Table ?? summarises the bounds for S′H obtained using the proposed ap-
proach for the Chelungpu site at 1000 m. It is evident that the greater the
detail of the analysis and the larger the information available, the lower the
uncertainty of S′H estimate.
3 Numerical validation of the procedure
The procedure proposed is characterized by a continuous refinement of the
bounds in which the real value of S′H should lie. If information on the mechan-
ical properties of the material and the size of the breakout failures is available,
then Step 4 allows the determination of a unique value of S′H . As a conse-
quence, a relevant issue is provided by the reliability of equations ?? and ??.
In Della Vecchia et al. (2014), FEM simulations were performed to check if the
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Fig. 7 Stress polygon with green dotted line identifying the value of S′H at θb = 68
◦ (eq.
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Step S′H
min [MPa] S′H
max [MPa] Information needed
1 10.8 39.8 Broad estimate of φ′
2 Data not available Data not available Visual information of failures
3 30.1 37.8 C, φ′, ST
4 34.8 34.8 C, φ′, breakout width
Table 2 Bounds for S′H for each step using the proposed procedure for Chelungpu-Hole B
at 1000 m
analytical equations proposed were consistent with the mechanical behaviour
of an elastic-perfectly plastic material at the borehole scale. However, rocks
hardly behave as perfectly plastic materials, often showing a brittle stress-
strain response under stress paths that leads the material to failure: stress
redistribution due to material failure and the consequent induced anisotropy
cannot be accounted for when perfect plasticity is assumed. In order to val-
idate step 4 of the procedure, the outcome of equations ?? and ?? has been
compared with the results of numerical simulations performed by considering
the complex stress-strain behaviour of the rock, including the possibility of
brittle failure. In particular, borehole excavation has been simulated via the
Finite Element Method, assuming the stress-strain relation to be described
by the brittle-damage constitutive model presented in De Bellis et al (2016,
2017). The model is based on an explicit micromechanical construction of con-
nected patterns of parallel equi-spaced faults, such that the rock undergoes
compatible deformations and remains in static equilibrium down to the mi-
cromechanical level. In particular, given a single family of faults characterized
by a spacing L and a unit normal N to the plane of the faults, the deforma-
tion of the rock is evaluated as the sum of the deformation of the homogeneous
porous matrix εm and the deformation due to fault opening εf :
ε = εm + εf = εm +
1
2L
(∆⊗N + N⊗∆) (22)
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being ∆ the displacement jump of the faults (i.e. the relative displacement of
the two sides of the fault) and ⊗ the dyadic product between two vectors.
A relevant feature of the model is that the fracture patterns are not arbi-
trary, but their inception, orientation and spacing follow from energetic consid-
eration. The constitutive model is derived within a thermodynamic framework,
assuming the existence of an incremental work of deformation which accounts
for reversible and dissipative behaviours of the material. Formally, the fracture
pattern and the effective stress at the representative elementary volume level
at time tn+1 is obtained incrementally, assuming the material state at time tn
to be known. The goal of the solution strategy is to find the material state at
time tn+1 = tn+∆t for a given total deformation εn+1. Over the time interval
∆t the incremental work of deformation En(εn, ∆, q) is defined as
En(εn,∆, q) = W
m (εm) +
1
L
Φ (∆, q) +
∆t
L
ψ∗
(
∆−∆n
∆t
, ε,∆
)
, (23)
where Wm is the elastic strain energy density per unit volume of the matrix, Φ
is the cohesive energy density per unit surface of the faults, the term including
ψ∗ represent the frictional dissipation in ∆t and q is an internal variable de-
scribing the state of the fault. In order to define the cohesive energy Φ (∆, q),
according to De Bellis et al (2016, 2017) and in line with standard cohesive
theories, a simple linear decreasing cohesive law has been considered, defined
by two parameters: the tensile strength Tc and the critical energy release rate
Gc. The tensile strength Tc plays the role of the maximum effective traction,
while Gc is the area enclosed by the cohesive law. Once the critical opening
displacement ∆c = 2Gc/Tc is attained, faults completely loose cohesion and
cohesive forces vanishes. In order to enforce irreversibility in the damage law,
it is assumed that upon unloading faults follow a linear elastic path up to
the origin. As for the friction dissipation contribution, friction is included by
means of a dual dissipation potential per unit fault area ψ∗ according to the
classical Coulomb model:
ψ∗ = µmax {0, (σ′N) ·N} |∆˙|, (24)
where µ = tan(φ′) is the friction coefficient, (σ′N) ·N is normal component of
the traction vector on fault plane and |∆˙| the norm of the displacement jump
rate.
The solution of the incremental problem is obtained by minimizing the
incremental work of deformation accounting for the constrains provided by
the impenetrability of the closed faults (i.e. ∆N ≥ 0) and the irreversibility
of damage (i.e. ∆q ≥ 0). With the inclusion of an extra energetic term, that
describes the accommodation of the faults within the outermost fault or the
external container through a length scale L0, and of an additional constraint on
the norm of the orientation N, the minimization process provides the unknown
spacing and orientation of the faults. The model accounts for material failure
both in tension (according to the Galileo-Rankine criterion) and in shear (ac-
cording to the Mohr-Coulomb criterion). Further details of the model and the
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mathematical expressions can be found in De Bellis et al. (2016). From the
practical point of view, the model is characterized just by 6 parameters:
– The Young modulus E and the Poisson ratio ν, describing the elastic be-
haviour of the homogeneous matrix, i.e. the behaviour of the material in
the pre-failure stage;
– The friction angle φ′ and the tensile strength Tc, describing the failure
properties of the rock according to the Mohr-Coulomb failure criterion;
– The critical energy release rate Gc;
– A scale parameter L0/∆c.
The model proved able to reproduce the triaxial response of different type
of rock, both in the pre- and post-peak stages, as shown in De Bellis et al
(2016, 2017) and Della Vecchia et al (2016).
In the context of the determination of the in-situ stress state, numerical
simulations with the advanced model have been performed with the aim of
providing a validation of the simplified analytical model presented in Step 4.
The excavation of a vertical borehole within a horizontally bedded rock for-
mation has been simulated via the Finite Element method, starting from a
computational domain that includes a 1 m thick, 40 m wide horizontal square
layer perpendicular to the borehole axis. The finite element mesh consists of
8,010 nodes and 36,086 tetrahedral elements. The simulation of the excavation
is achieved numerically by removing (or deactivating) the elements that fall
at the interior of a cylindrical cavity, whose radius takes the value D = 1. The
model is able to predict the evolution of stress concentration around the bore-
hole, together with the development of shear-induced, in correspondence to the
maximum deviatoric stress, and tensile fractures. In the context of this paper,
Figure ?? shows the elements (red spheres) characterized by the presence of
shear induced fractures for two different stress anisotropy ratios S′H/S
′
h, equal
to 4.0 and 4.5, for the Chelungpu example. The material parameters used are
listed in Table ??. As expected, the higher the anisotropy ratio in the horizon-
tal plane, the larger the amplitude of the failed zone. By a visual evaluation of
the amplitude of the failed zone, the relationship between θb and S
′
H can be
estimated, according to the advanced constitutive model proposed. It is worth
noting that, due to the stress redistribution induced by the failed elements,
the numerical model has the built-in capability in accounting for the variation
in borehole shape (i.e. ovalization) induce by breakout failures.
E ν µ Tc Gc L0/∆c
[kPa] [-] [-] [kPa] [kN/m] [-]
13.7 · 109 0.35 0.7 29,800 0.005 1
Table 3 Material parameters introduced in the numerical simulations for Chelungpu-B
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(a) S′H/S
′
h = 4.0 (b) S
′
H/S
′
h = 4.5
Fig. 8 Evolution of the zones subjected to shear failures at varying far-field stress
anisotropies
Simulations have been carried out by varying the value of S′H at a constant
S′h, measuring the resulting breakout amplitude, if any. Results of the simula-
tion in terms of breakout amplitude for different S′H values are indicated with
black points in Figure ?? for the Chelungpu site, while the continuous line
represents the outcome of the simplified analytical procedure (eq. ??). Despite
the strong assumptions at the basis of the analytical procedure, the accor-
dance between the two prediction is remarkably good, at least for breakout
amplitudes not exceeding 90◦. It is worth noting that, for parameter calibra-
tion, real data coming from the relevant literature have been used: however,
available information is generally limited to friction angle and uniaxial com-
pressive strength, which can be related to the tensile strength according to
the Mohr-Coulomb failure criterion. As for the elastic parameters, E and ν,
typical values for any kind of rock can be easily found in the literature. The
remaining parameters are more complex to determine: in order to avoid to
consider them as variables that can be used a posteriori to fit the analytical
equation, sensitivity analyses have been performed in order to highlight their
role for the problem at hand: as shown in Scelsi (2017), the evolution of θb
with the far-field stress is not significantly influenced by Gc and L0/∆c. Values
of these parameters have just been taken from the literature (e.g. De Bellis et
al. (2016, 2017), Della Vecchia et al. (2016)), without any significant influence
on the numerical validation.
4 Experimental and numerical validation of case histories from the
literature
In this section, a further numerical and experimental validation of the proposed
simplified procedure is presented, basing on two case histories presented in the
literature.
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Fig. 9 Chelungpu, Hole-B (1000 m depth); comparison between the simplified analytical
model and numerical results.
4.1 Basel 1 enhanced geothermal system
In 2006 a 5-km-deep borehole has been drilled under the Swiss city of Basel
with the aim of developing an ”Enhanced Geothermal System” EGS for a
geothermal power plant. The orientation of the maximum horizontal principal
stress has been determined from the observations of failures derived from ultra-
sonic televiewer images in 2 vertical boreholes In the granite, tensile fractures
are present in intermittent way, while breakout are present almost continually,
a part from the first 100 m where they are sparse. The mean orientation of SH
from tensile and breakout failures is N143◦E±14◦. Information about material
properties and in situ stress state can be found in different studies presented
in the literature (e.g. Valley& Evans, 2015, Haring et al., 2008). The profile of
the breakout width is also available along the whole depth of borehole Basel-1.
In the following, the stress state at 4, 632 m will be analysed, where the mea-
surement of Sh is available (S
′
h = 74.4 MPa). Rock properties and the known
effective stress state, taken from Valley & Evans (2015), are listed in Table ??.
Property Value
S′v [MPa] 69.6
S′h [MPa] 28.9
φ′ [◦] 44
C [MPa] 167
θb [
◦] ≈ 60
Table 4 Data used in the study of Basel-1 at 4.632 km depth (Valley & Evans, 2015).
The analytical procedure have been applied according to the following
steps:
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– Step 1: limits on the stress state from the tectonic regime
The polygon of the admissible stress states in the plane S′H − S′h is repre-
sented considering all faulting regimes. Figure ?? allows to identify graphi-
cally the first limits on S′H : this value has to be between S
′
h = 28.96 MPa by
definition and 160.73 MPa (S′H/S
′
h = 5.6), i.e. limit deriving from strike-
slip regime. From the polygon it can be easily deduced that the tectonic
regime can be either normal or strike-slip.
– Step 2: limits on the stress state from failure orientation
Principal stresses are computed using the relation defined by Equations
(??) for θ = 0 and from Eq. (??) at θ = pi/2. The components cor-
responding to the minimum, intermediate and maximum principal stress
can be seen in Figure ?? for admissible tensional anisotropies S′H/S
′
h, i.e.
1 ≤ S′H/S′h ≤ 5.6. It can be observed that:
- σ′r < σ
′
z < σ
′
θ in θ = pi/2 for all the values of S
′
H/S
′
h, apart from
anisotropies S′H/S
′
h < 1.2 for which the vertical stress is greater than
the hoop stress. The presence of visual observations of failure directions
could thus allow a further refinement of S′H bounds;
- in θ = 0, since no tensile fractures are registered at the considered
depth, the relation between stress components cannot be used to further
limit the anisotropy S′H/S
′
h.
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Fig. 10 (a) Admissible stress polygon. (b) Lines dividing stresses associated to different
type of failures. The blue thin solid line represents tensile fractures, red dashed line the shear
failures in θ = pi/2. The green dotted line indicates the value of S′H at θb = 60
◦, according
to Eq. ??.
– Step 3: limits on the stress state from rock failure criterion
Breakout failures have been registered in the section taken into account,
while tensile fractures are absent. The Mohr-Coulomb failure criterion with
tension cut-off is assumed to hold (φ′ = 44◦, C = 167 MPa, ST = 0 MPa).
The lines delimiting the presence or absence of fractures are drawn in the
stress polygon (Figure ??); the stress state has to lie below the line repre-
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Fig. 11 Visualization of the relation between normalized principal components as a function
of S′H/S
′
h, limited between admissible values derived by tectonic limits; ν = 0.22, pnet = 0.
senting tensile fractures, and above the line delimiting breakout failures.
Considering the absence of tensile fractures, it can be stated that S′H has to
be smaller than 86.88 MPa; for shear failures in θ = pi/2 S′H > 65.32 MPa.
Therefore 2.3 < S′H/S
′
h < 3.0.
– Step 4: accounting for breakout size
Being the breakout angle approximately known (θb ≈ 60◦, corresponding
to an amplitude αb ≈ 60◦), a single value of the maximum horizontal far-
field stress state can be determined. According to eq. ??, S′H ' 83.50 MPa
(corresponding to S′H/S
′
h = 2.9) and thus SH = 128.94 MPa. This value
falls between the limits obtained in Step 3.
The tectonic regime is strike-slip, as it is clearly shown in Figure ??. The
maximum horizontal stress (SH = 128.94 MPa) differs of about 10 MPa
from the value estimated by Valley & Evans (2015) with the equation
SH = 1.04z + 115 MPa/km which gives a result equal to 119.82 MPa.
Step S′H
min [MPa] S′H
max [MPa] Information needed
1 28.96 160.73 Broad estimate of φ′
2 Data not available Data not available Visual information of failures
3 65.32 86.88 C, φ′, ST
4 83.50 83.50 C, φ′, breakout width
Table 5 Bounds for S′H for each step using the proposed procedure for Basel-1 at 4632 m
Table ?? summarises the bounds for S′H for each step of the proposed ap-
proach for the Basel-1 borehole at 4632 m.
The maximum horizontal stress obtained via the analytical procedure has been
also validated by means of the numerical model described in Section ??. Ma-
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terial parameters are listed in Table ??, while the principal stress components
S′v and S
′
h and the breakout width have been introduced in Table ??.
E ν µ Tc Gc L0/∆c
[kPa] [-] [-] [kPa] [kN/m] [-]
65 · 106 0.22 0.97 36700 0.005 1
Table 6 Material parameters introduced in the numerical simulations for Basel-1.
Different simulations have been carried out by varying S′H between 28960 kPa
(corresponding to S′H/S
′
h = 1) and 159280 kPa (corresponding to S
′
H/S
′
h =
5.5), measuring for each simulation the predicted breakout width. The ob-
tained results are plotted in Figure ??, together with the S′H trend obtained
at Step 4 via eq. ??. The numerical and analytical predictions are substantially
essentially coincident up to an anisotropy ratio S′H/S
′
h = 4 equal to 4 and to
a width αb ≈ 90◦, the maximum relative error being lower than 15%.
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Fig. 12 Basel-1; evaluation of S′H through the Mohr-Coulomb failure criterion imposition
in θ = θb and results of simulations with brittle damage model.
4.2 Cajon Pass Scientific Research Borehole
At the Cajon Pass site (California) a scientific research borehole was conducted
between 1986 and 1987, reaching a depth of 3500 m. In the literature several
publications (Zoback & Healy (1992), Vernik & Nur (1992), Vernik & Zoback
(1992)) provide information regarding the material characteristics and the in
situ stress state; some minimum horizontal principal stress Sh measurements
and the amplitude of the breakout for depths between 907 m and 3486 m have
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been obtained respectively via hydraulic fracturing and borehole televiewer.
In this case a depth of 2048 m has been considered, where an estimate of the
maximum horizontal stress SH is available in Zoback & Healy (1992). Rock
properties and the known stress state are listed in Table ??.
Property Value
S′v [MPa] 32.15
S′h [MPa] 19.81
φ′ [◦] 39
C [MPa] 132
T0 [MPa] 13
θb [
◦] ≈ 73
Table 7 Data used in the study of Cajon Pass at 2.048 km depth.
The analytical procedure have been applied according to the following
steps:
– Step 1: limits on the stress state from the tectonic regime
The polygon of the admissible stress states in the plane S′H − S′h is rep-
resented considering all faulting regimes. Figure ?? allows the graphi-
cal identification of the first limits on S′H : this value has to be between
S′h = 19.81 MPa by definition and 85.75 MPa (S
′
H/S
′
h = 4.3), i.e. limit
deriving from strike-slip regime. From the polygon it can be deduced that
the tectonic regime can be either normal or strike-slip.
– Step 2: limits on the stress state from failure orientation
Principal stresses are computed using the relation defined by Equations
(??) for θ = 0 and from Eq. (??) at θ = pi/2. The components cor-
responding to the minimum, intermediate and maximum principal stress
can be seen in Figure ?? for admissible tensional anisotropies S′H/S
′
h, i.e.
1 ≤ S′H/S′h ≤ 4.3. It can be observed that:
- σ′r < σ
′
z < σ
′
θ in θ = pi/2 for all the values of S
′
H/S
′
h. The presence
of visual observations of failure directions could thus allow a further
refinement of S′H bounds.
- in θ = 0, since no tensile fractures are registered at the considered
depth, the relation between stress components cannot be used to further
limit the anisotropy S′H/S
′
h.
– Step 3: limits on the stress state from rock failure criterion
Breakout failures have been registered in the section taken into account,
while tensile fractures are absent. The Mohr-Coulomb failure criterion with
tension cut-off is assumed to hold (φ′ = 39◦, C = 132 MPa, ST = 0 MPa).
The lines delimiting the presence or absence of fractures are inserted in the
stress polygon (Figure ??); the stress state has to lie below the line repre-
senting tensile fractures, and above the line delimiting breakout failures.
Step-by-step analytical procedure to estimate the in-situ stress state 25
0 30 60 90 120 150
S'h [MPa]
0
30
60
90
120
150
S'
H
 [M
Pa
] RF
NF
SS
S'h
(a)
20 40 60
S'h [MPa]
20
40
60
80
100
S'
H
 [M
Pa
]
Step 3 - Tensile failure
Step 3 - Breakout failure
Step 4 - Breakout size
S'h
(b)
Fig. 13 (a) Admissible stress polygon. (b) Lines dividing stresses associated to different
type of failures. The blue thin solid line represents tensile fractures, red dashed line the shear
failures in θ = pi/2. The green dotted line indicates the value of S′H at θb = 73
◦, according
to Eq. ??.
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Fig. 14 Visualization of the relation between normalized principal components as a function
of S′H/S
′
h, limited between admissible values derived by tectonic limits; ν = 0.26, pnet = 0.
Considering the absence of tensile fractures, it can be stated that S′H has to
be smaller than 72.43 MPa; for shear failures in θ = pi/2 S′H > 50.60 MPa.
Therefore 2.6 < S′H/S
′
h < 3.7.
– Step 4: accounting for breakout size
Being the breakout angle approximately known (θb ≈ 73◦, corresponding
to an amplitude αb ≈ 34◦), a single value of the maximum horizontal far-
field stress state can be determined. According to eq. ??, S′H ' 54.56 MPa
(corresponding to S′H/S
′
h = 2.8) and thus SH = 74.7 MPa. This value falls
between the limits obtained in Step 3.
The tectonic regime is strike-slip, as it is clearly shown in Figure ??. The
maximum horizontal stress (SH = 74.7 MPa) differs of only 4.6 MPa from
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the value estimated from hydraulic fracturing data, equal to 79.3 MPa,
reported in Zoback & Healy (1992).
Table ?? summarises the bounds for S′H for each step of the proposed
approach for the Cajon Pass Borehole at 2048 m.
Step S′H
min [MPa] S′H
max [MPa] Information needed
1 19.81 85.75 Broad estimate of φ′
2 Data not available Data not available Visual information of failures
3 50.60 72.43 C, φ′, ST
4 54.56 54.56 C, φ′, breakout width
Table 8 Bounds for S′H for each step using the proposed procedure for Cajon Pass Borehole
at 2048 m
Material parameters are listed in Table ??, while the principal stress com-
ponents S′v and S
′
h and the breakout width have been introduced in Table ??.
E ν µ Tc Gc L0/∆c
[kPa] [-] [-] [kPa] [kN/m] [-]
90 · 106 0.26 0.8 39700 0.005 1
Table 9 Material parameters introduced in the numerical simulations for Cajon Pass Bore-
hole at 2048 m depth.
Different simulations have been carried out by varying S′H between 19809 kPa
(corresponding to S′H/S
′
h = 1) and 108950 kPa (corresponding to S
′
H/S
′
h =
5.5), measuring for each simulation the predicted breakout width. The ob-
tained results are plotted in Figure ??, where a comparison with the S′H trend,
obtained via eq. ??, is shown.
Also in this case the numerical and analytical predictions are essentially co-
incident up to an anisotropy equal to 4 and to a width αb ≈ 90◦, , being the76◦?
maximum relative error lower than 3.5%.
5 Conclusion
Determination of in situ stress state is a preliminary activity necessary for any
application in the field of civil and reservoir engineering, as well as for geolog-
ical and geophysical applications. Among the different techniques proposed in
the literature to estimate in situ stress state in rock masses, borehole meth-
ods are certainly the most diffused. For these methods to be reliable, a sound
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Fig. 15 Cajon Pass; evaluation of S′H through the Mohr-Coulomb failure criterion imposi-
tion in θ = θb and results of simulations with brittle damage model.
geomechnical model is needed, in order to address all the relevant characteris-
tics of rock mechanical response that influence the behaviour of the material
at the borehole scale. Unfortunately, refined models always requires a signifi-
cant number of parameters, which can hardly be known without a dedicated,
time consuming and expensive laboratory activity. In order to overcome such
limitations, this paper presented an analytical procedure to estimate in situ
stress state trying to combine a rigorous approach to the applicability of the
procedure in engineering practice. In particular, the procedure is intented to
be applied following some clear steps, each one requiring some input parame-
ters and proving some bounds to the maximum horizontal stress, i.e. the most
difficult stress component to determine. Step 1 stems from the application of
the well-known Anderson faulting theory together with the Mohr-Coulomb
failure criterion to provide some initial bounds to the stress state, exploing in-
formation known at the reservoir scale, as already proposed in the literature.
A refinement on in situ stress bounds is provided by Step 2, that just relies
on visual information on failures at the borehole scale. In Authors’ knowledge,
this approach has never been proposed in the literature, and provides a sig-
nificant reduction in stress bounds without the need of knowing rock failure
parameters. Further refinement is provided by Step 3, which combine the in-
formation of the possible presence of failures at the borehole scale with the
information on the failure criterion of the rock. Finally, if also breakout failure
amplitude is available, a unique value of the maximum horizontal stress can
be estimated via Step 4. Remarkably, just three parameters to describe rock
strength have been introduced: the friction angle, the uniaxial strength and
the tensile resistance. As a further advantage of the procedure, no program-
ming or use of dedicated software is need: once the input data are known, just
explicit algebric equations are proposed.
The procedure has been then validated by means of both numerical anal-
yses and some field data coming from the literature. Numerical analyses have
been performed to check if the simplifications introduced in Step 4, involv-
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ing both the mechanical beahviour of the rock and the geometry of the failed
borehole, are relevant. To this aim, numerical Finite Element analyses at the
borehole scale have been performed, assuming a brittle damage behaviour of
the rock. The outcomes of the numerical simulations have been compared with
the equations proposed in Step 4 in terms of borehole breakout dependence
on stress anisotropy: the agreement between the two approaches is very good,
at least for breakount amplitude lower than 90◦, confirming that the assump-
tion on which Step 4 relies are acceptable for the problem at hand. Finally,
reasonable agreement has been obtained also between the predictions of the
procedure with some data already present in the literature, where in situ stress
estimate was performed by means of the combination of different techniques.
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